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LOI CAM OGN

Tru6c hét, toi xin gui 101 biét on chan thanh va sau sic nhit dén PGS.TS
Lé Thi Thanh Nhan da gidp toi hoan thanh ban luan van nay. Khi bat diu
nhan dé tai thuc su téi cam nhan dé tai mang nhiéu noi dung méi mé. Hon
nita vGi von kién thic it 6i cung véi kinh nghiém lam dé tai 16n khong
nhiéu nén t6i chua thuc su tu tin dé ti€p can dé tai. Mic du rit ban ron
trong cong viéc nhung C6 van danh nhiéu thoi gian va tam huyét trong viéc
huéng dan, dong vién khuyén khich toi trong su6t thoi gian toi thuc hién
dé tai. Trong qua trinh ti€p can dé tai dén qud trinh hoan thién luan van
Co6 luan tan tinh chi bao va tao di€u kién t6t nhat cho toi. Cho dén bay gio
luan van thac si cua toi da duge hoan thanh, xin cam on Co6 da don doc
nhac nhd va gitp do toi hét minh.

Toi xin tran trong cam on Ban Giam hiéu, Khoa toan-Tin va phong Dao
tao cua truong Pai hoc Khoa hoc-Dai hoc Thai Nguyén. Toéi xin tran trong
cam on cac Thay, Co da tan tinh truyén dat nhitng kién thiic qui bau ciing
nhu tao moi diéu kién thuan loi nhat dé to6i hoan thanh luan vin nay.

Cuodi cluing, toi xin chan thanh bay to 1ong biét on dén gia dinh, ban be,
nhitng ngudi da khong ngimg dong vién, hd trg tao moi diéu kién cho toi.
Vi nang luc ban than cling nhu thoi gian con han ché, luan van chac chan
khong thé tranh khoi nhitng sai sét. Tac gia rat mong nhan duoc su déng

gép v kién nhan xét ciia Thay, Co dé ban luan van dugc hoan thién hon.
Nam Pinh, ngay 15, thang 4, nam 2015

Hoc vién

Nguyén Van Dién



LOI NOI DAU

Li thuyét phan hoach tap hop c¢6 mot lich st 1au dai (duge quan tam tir
Thé ki 19), cho dén nay day van l1a mot chu dé nghién cdu rat hap dan va
thoi su. Li thuyét phan hoach tap hop déng vai trd quan trong trong nhi€u
linh vuyc khdc nhau clia todn hoc nhu Té hop, Li thuyét Lie, Li thuyét biéu
dién, Toan vat 1i, Li thuyét cdc ham dac biét .... Vi tdim quan trong cua
né6 trong nhitng Gng dung khac nhau, cic nha todn hoc da nd luc tim cong
thic tinh s6 phan hoach mét tap hgp. Mot trong s6 nhiing cong thic tinh so
phan hoach diu tién thudc vé Bell trong mot bai bdo trén tap chi ndi tiéng
Annals of Mathematics nam 1934 va ti€p tuc phét tri€n trong mot bai bdo
khac trén Annals of Mathematics cong bo nam 1938. S6 phép phan hoach
trén mot tap hop n phan tlr dugc goi 1a 50" Bell thit n dé ghi nhan déng gép
to 16n clia nha to4n hoc tén tudi Eric Temple Bell (1883-1960), s6 nay dugc
ki hiéu 12 B,,. Nhiéu cong thitc khac dé tinh s6 phan hoach tap hop n phan
ta nhu cong thic duoc dua ra bdi G. C. Rota trong bai bdo “The Number
of Partitions of a Set” trén Amer. Math. Monthly nam 1964, cong thic
cua W. E Lunnon, P. Pleasants, M. N. Stephens trong bai bao “Arithmetic
Properties of Bell Numbers to a Composite Modulus” trén Acta Arith. nam
1979, .... Ngay nay viéc nghién citu s6 Bell van rit duoc quan tam, thé
hién trong cong trinh nam 2013 cua E. D. Knuth t6ng két 2000 ndm vé todn
T6 hop (xem [K]), cta D. Berend va T. Tassa nam 2010 (xem [BT]), cua D.
Callan nam 2006 (xem [Ca]), .. ..

Muc dich cua luan van la nghién ctu 1i thuyét phan hoach tap hop, mot
s6 cong thic tinh s6 Bell B, va ting dung dé gidi mot s6 dang toan so cap,
dac biét 1a toan t6 hop.

Luan van gobm 2 chuong. Trong Chuong 1, trudc hét ching toi trinh bay



4

khai niém phép phan hoach tap hop, chi ra su lién quan chat ché giita phép
phan hoach tap hop va quan hé tuong duong trén cling mot tap hop. Tiét 1.2
danh dé ching minh mot s6 cong thic tinh s6 phan hoach, so Stirling loai
2 va dua ra mot s6 cong thiic truy hoi dé tinh s6 Bell. Chuong nay ciing
giGi thiéu vé tam gidc Bell, d6 1a thanh qua cta viéc tinh toan dua trén cac
cong thic ¢é dugc. Trong Chuong 2, chiing t6i trinh bay mot s tng dung
cua li thuyét phan hoach trong viéc giai mot s6 dang toan so cap, dac biét
12 doi v6i nhitng bai todn trong dai s6 t6 hgp hay hinh hoc so cép. Chiing
toi cling dua ra 16i giai mot s6 bai toan lién quan dén nghiém cua phuong
trinh, tinh xac suit cua bi€n co hay bai todn phan hoach cua tap hop so,
dac biét la nhitng bai todn phan hoach da giac thanh nhitng tam giic trong

hinh hoc so cap.



Chuong 1
Phép phan hoach tap hop

Muc tiéu cua Chuong 1 Ia trinh bay khai niém phan hoach tap hgp, moi
quan hé gitta phan hoach tap hop va quan hé tuong duong, tinh chat co s&
cua so Bell va chitng minh mot s6 cong thic tinh s6 Bell, tic 1a cong thic

tinh ham phan hoach tap hop.

1.1 Phép phan hoach tap hop va quan hé tuong duong

Trong sudt ti€t nay luon gia thi€t X 1a mot tap hop khac rong. Muc tiéu
cua ti€t nay la gidi thiéu khai niém phép phan hoach tap hop va méi lién
hé gitta cdc phép phan hoach cua tap X véi cac quan hé tuong duong trén
tap X.

1.1.1 Pinh nghia. Ta goi mot phép phdan hoach tdp X (hay mot sy chia 16p
trén X) la mot cach chia X thanh mot ho céac tap con khac rong {X;}icr
sao cho X; N X; =0 v6imoid,j € I,i#jva X = [JX;. Néu {X;},es 12
mot phan hoach tap X thi moéi tap con X; duoc goi Zleél mot khoi ctia phan

hoach; néu I gom k phén tir thi ta n6i phan hoach d6 gom k khoi.

1.1.2 Vi du. (i) Néu X = {a} thi X c¢6 ding mot phan hoach, dé la phan
hoach thanh mot khoi X.
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(ii)) Néu X = {a,b} thi X c6 hai phan hoach, phan hoach thit nhat thanh
mot khoi X'; phan hoach thit hai gom hai khoi {a}, {b}.
(iii) Néu X = {a,b,c} thi c6 5 phép phan hoach tap X, d6 la

{{a}, {0} {ci}; {{a, 0} {cr}; {{a, ¢}, {0}}; {{b,c} {a}}; {{a,b,c}},

trong d6 ¢c6 mot phan hoach thanh 1 khoi, ba phan hoach thanh 2 khoi, va
mot phan hoach thanh 3 khoi.
(iv) Néu X = {a,b,c,d} thi c6 15 phép phan hoach tap X, d6 la
{{a,d}. {0} {c}}; {{a, 0} {c} {d}}; {{a,c} {0} {d}}
{{6, ¢} {a} Ad}}; {{b,d} {a}, {c}}; {{c, d}. {a},{b}}
{{a,;b,ct.{d}}; {{a,b,d},{c}}; {{a,c,d},{b}}
{{b,c.d}, {a}}; {{a,0},{c.d}}; {{a,c}, {b,d}}
{{a,d}.{b,c}; {a,b,c, d}; {abed}.
Cu thé:
Tap hop gom 4 phan tir c¢6 1 phan hoach thanh 1 khai 1a {abed}
Tap hop gom 4 phan tir ¢6 1 phan hoach thanh 4 khéi 1a {a, b, ¢, d}
Tap hgp géom 4 phan tir ¢6 7 phan hoach thanh 2 khéi 1a
{{a,;b,ct {d}t}s {{a,b,d}, {ct}s {{a,c.d}, {0t} {{b.c,d}, {a}};

{{a, b}, {c,d}}; {{a.c},{b.d}}; {{a,d},{b,c}}
Tap hgp gébm 4 phan tir ¢6 6 phan hoach thanh 3 khéi 1a

{{a,d} {0} {ct}; {{a, 0}, {c} {d}}; {{a c}, {0}, {d}};
{{0,c}, {a}, {d}}; {{b,d},{a},{c}}; {{c,d} {a} {b}}

1.1.3 Vi du. Chi y rang phan hoach khong phu thudc vao thi tu cta céc
khoi. Chéng han, trong Vi du 1.1.2(ii) véi X = {a,b,c}, phép phan
hoach {{a},{b},{c}} va {{b},{a},{c}} 1a nhu nhau; phép phan hoach
{{a,c},{b}} va {{b},{a,c}} 1a nhu nhau.
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Thuc t€, c6 nhiéu bai todn dugc quy vé bai toan phan hoach tap hop nhu

c4c bai todn vé xdc xuat thong ke, vé t6 hop do thi, .. ..

1.1.4 Vi du. Cho €2 la khong gian mau ctia mot phép thir nao d6. Khi d6
hé bién c6 gobm n bién c6 A;, As, Az, ..., A, duoc goi la 1 phan hoach
cua khong gian mau Q néu A; N A; = (), v6i moi 4,5 = 1,2,3...n va
ATUA U A3U ... U A, = ). Hé bién co6 trén con duoc goi 1a hé day du
va doi mot xung khiac v6i nhau. Khi d6 véi B 1a mot bién cd bat ki trong
phép thir, ta c6 cong thitc day du va cong thic Bayes nhu sau:

(i) P(B) = P(A1)P(B/A1) + P(A2) P(B/As) + ... + P(A,)P(B/Ay)

(i) P(4;/B) = & <Ai]>31(31(31)3/14@~>

Tiép theo, chiing ta trinh bay mdi quan hé gitta cac phép phan hoach tap
X v6i cac quan hé tuong duong trén X. Nhac lai rang mot tap con khdc
rong cua tich Descartes X x X duoc goi 1a mot quan hé (hai ngoi) trén X.
Ta thudng ki hiéu cdc quan hé bang céac chit R, S, T, (), ... hoac cac ki hiéu
~,<,>,.... Cho  1a mot quan hé hai ngoi trén X. Néu (a,b) € € thi ta
viét 1a a2b va ta néi a quan hé voi b (theo quan hé 2). Duéi day 1a mot s
tinh chat quan trong ma mot quan hé Q ¢6 thé ¢
(i) Phdn xa: afda v6i moi a € X.
(ii) Dot xiing: Néu af2b thi bQa v6i moi a,b € X.
(iii) Phan doi xiing: Néu af)b va bQa thi a = b véi moi a,b € X.
(iv) Bdc cdu: Néu a2b va bSdc thi afde v6i moi a, b, c € X. Chang han, v6i
X ={1,2,3,4}, quan hé chia hét

Q= {(a,b) € X x X | ala udc cha b}

c6 céc tinh chat phan xa, phan doi xdng va bac ciu. Ta cling viét quan hé
chia hét nay bang cach chi ra mot thuoc tinh dic trung nhu sau: aQb néu

va chi néu a 13 uwéc cha b v6i moi a,b € X. Ta ciing c¢6 thé viét quan hé



nay bang céch liét ké nhu sau

€ ={(1,1),(2,2),3,3),(4,4),(1,2),(1,3),(1,4),(2,3),(2,4), (3,4) }.

1.1.5 Pinh nghia. Mot quan hé trén X duoc goi la quan hé tuong duong

néu nd phan xa, doi xing va bac cau.

Theo truyén théng, quan hé tuong duong thuong duoc ki hiéu boi ~ .
Gia st ~ 1a quan hé tuong duong trén X. V6i moéi a € X, ta goi Idp tuong
duong cua a, ki hiéu bdi cl(a) (hay @, hoac [a]) 1a tap cac phan tir ctia X

quan hé véi a, tic l1a
clla)={be X | b~a}.

Tap cac 16p tuong duong dugc goi 1a tdp thuong ciia X theo quan hé tuong
duong ~ va dugc ki hiéu béi X/ ~ . Nhu vay

X/~ = {d(a)|ac X}

Chd ¥ rang a ~ b khi va chi khi cl(a) = cl(b) v6i moi a,b € X. That vay,
gid st a ~ b. Cho x € cl(a), tic 1a  ~ a. Do ~ c6 tinh bac cau nén x ~ b.
Vi th€ z € cl(b). Do d6 cl(a) C cl(b). Tuong tu, cl(b) C cl(a). Nguoc lai,
gia st cl(a) = cl(b). Do ~ c6 tinh phan xa nén a € cl(a). Vi th€ a € cl(b),

tic 1a a ~ b.

1.1.6 Vi du. Cho m > 1 la mot s6 tu nhién. Ta dinh nghia quan hé
= (mod m) trén Z nhu sau: v6i moi a,b € Z, a = b (mod m) khi va chi
khi @ — b 1a boi cia m. Quan hé nay dugc goi la quan hé dong du theo
modun m. Quan hé ndy 12 phan xa, d6i xiing va bac cdu va khong phan
xung. Do d6 né 1a quan hé twong duong trén Z. Néu a = b (mod m) thi
ta doc 1a a dong du vdi b theo médun m. VGi mbi a € Z, 16p tuong duong

cua a thuong dugc ki hiéu boi @ va goi la Idp thdng du theo modun m véi
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dai dién la a. Tap thuong ctua Z theo quan hé nay dugc ki hiéu boi Z,,
va duoc goi 1a tdp cdc lop thdang du theo médun m hay tdp cdc s6 nguyén
modunlé m. Choa € Z. Vieta=mqg+r véi0 <r<m—1. Khidéba—r
la boi cua m, tic 1a a = r (mod m). Suy ra @ = 7. Hon nita, néu r # s la
cac sO tu nhién sao cho r,s < m — 1 thi » — s khong 1a boi cua m. Do d6

T # 5. Vay tap thuong Z,, gom ding m phan tir, d6 12 0,1,...,m — 1.

1.1.7 Ménh dé. Cho ~ la quan hé tuong duong trén X. Khi do.
(i) cl(a) # O véi moi a € X,
(ii) X = | cl(a);
acX
(iii) Néu cl(a) # cl(b) thi cl(a) Ncl(b) = O vdi moi a,b € X.
Chitng minh. (i), (ii). V6i moéi a € X, do tinh phan xa nén ta luén c6

a~a. Vith€ a € cl(a). Do d6 cl(a) # 0 va X = |J cl(a).
acX
(iii). Gia st cl(a) Ncl(b) # 0. Chon ¢ € cl(a) Necl(b). Ta ¢6 a ~ ¢ va

¢ ~b. Gia st x € cl(a). Khi d6 x ~ a. Do tinh chat bac cau ta cé = ~ b.
Vi thé = € cl(b). Suy ra cl(a) C cl(b). Tuong tu, cl(a) 2 cl(b). Do dé
cl(a) = cl(b). ]

DPinh 1i sau day la két qua chinh cua tiét nay, cho ta moi quan hé gitta

cac phép phan hoach v6i cic quan hé tuong duong.

1.1.8 Pinh ly. Néu ~ la mét quan hé tuong duong trén X thi tdp cdc lop
tuong duong X/ ~ = {cl(a) | a € X} la mét phan hoach cua X. Nguoc
lai, néu {X;}icr la mot phép phdn hoach tip X thi ton tai duy nhdt mot
quan hé tuong duong trén X sao cho méi X; la mot 1op tuong duong.

Chitng minh. Gia sit ~ 1la mot quan hé tuong duong trén X. Theo Ménh
de 1.1.7, tap X/ ~ céc 16p tuong duong clia X theo quan hé tuong duong
~ lam thanh mot phép phan hoach trén X. Nguoc lai, gia st {X;}icr 1a



